Optothermal mathematical model and experimental studies
for laser irradiation of arteries in the presence
of blood flow
Diana Decker-Dunn, Douglas A. Christensen, William Mackie, Jolene Fox, and G. Michael Vincent

We have developed an optothermal model for the interaction of laser light and the tissue of arterial walls and
have checked its validity with animal experiments. The mathematical model consists of a laser diffusing tip
positioned intraluminally in a cylindrical artery, in which the diffused laser light is incident on a blood-tissue

interface at a distance from the tip. A temperature profile throughout the interface is obtained by considering the optical interaction and the thermal conduction and convection of the blood and tissue. The
distribution of light in the media is determined using both Beer's law and the Kubelka-Munk two-flux theory
For experimental in vivo verification, a diffusing tip was inserted in canine
in cylindrical coordinates.
arteries and the temperature profile varied by restricting the volume of blood; this simulated degrees of

occlusion to determine the influence of blood flow on heat transport. The measured temperature profiles
compared favorably to the theoretical results. Temperature profiles are also predicted for a water-filled
lumen. The theoretical model will be useful in predicting the depth of ablation and extent of normal tissue
damage during laser angioplasty treatment of atherosclerosis.

1.

Introduction

The leading cause of death in the United States is
coronary artery disease, known as atherosclerosis.
This consists of yellowish to white plaques of choles-

terol, fibrous and smooth muscle cells, and calcium
within the arterial walls. A new technique for clearing

atherosclerotic deposits, called laser angioplasty, has
recently been demonstrated using fiber optics and lasers to ablate the plaque.'- 3 For this procedure, an
optical fiber is inserted into an artery and guided to the
coronary or other atherosclerotic arteries. Laser light
for removing the plaque is coupled into the fiber and
transmitted to a variety of tips, including cleaved,
sapphire, cylindrical diffusing, metal, or lensed tips.3 -6
One version of the cylindrical diffusing tip from
Laserguide Corp. scatters the laser light in an approximate Gaussian distribution along the longitudinal
axis. The risk of perforating the arterial wall is lower
with a diffused light source than with a direct light
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beam.3 Using incident light rather than heating a
metal tip with the light also provides an opportunity
for selective ablation. Studies in atherosclerotic swine
and rabbits have shown photosensitive dyes [hematoporphyrin derivative (HPD) and tetraphenyl porphine
sulfonate (TPPS4 )] injected in-the blood stream preferentially accumulate in the plaque vs the tissue.7 -' 0
HPD and TPPS 4 absorb visible wavelengths, and at
630 nm both photochemical and photothermal processes may be possible mechanisms for selectively ablating plaque with minimal normal tissue damage.3 1'
Photodynamic therapy is the photochemical process
by which a biological system is damaged by the interaction of light and photosensitizers, producing singlet
oxygen.'2 '1 3

To support studies on selective plaque ablation procedures with the laser diffusing tip and predict potential damage to normal tissue, we developed a mathe-

matical model of the laser diffusing tip which
determines temperature profiles during laser angioplasty. Previous models have dealt mainly with direct
laser light irradiation of tissue-tissue and tissueplaque interfaces.'4' 7 Our model considers a cylindrical geometry and a Gaussian axial distribution of
diffused light and includes arterial blood flow and
tissue perfusion.
Low continuous optical powers for several minutes
are used in laser angioplasty procedures with photosensitive dyes.9"1 During this length of time, the
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blood flowing in the lumen and perfusing the tissue
may provide appreciable heat transport away from the
area to be ablated. The blood is flowing along the
cylindrical tip, so a realistic model must include both
axial and radial dimensions (see Fig. 1). At 630 nm,
the blood significantly reduces the amount of light that
reaches the tissue, since the blood has relatively high
absorption at this wavelength.18"
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As a result, we also

modeled the case of a water flush, which allows more
light to propagate into the tissue while transporting
heat away from the tissue. The time dependent optothermal cylindrical model is presented in the next
section with experimental verification following.
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II.

Theory

_

The time dependent heat equation is used to model
the axial and radial temperature distribution of the
diffusing tip. This equation follows from the conservation of energy, by which the amount of heat entering
a region plus the heat generated in the region equals
the amount of heat leaving the region plus the amount
of heat stored. In this model, the heat generated in a
region is due solely to absorption of light. Heat enters
or leaves the region through the conduction from or to
adjacent tissue, and heat is also transported by the
blood flow in the lumen. Heat added or lost per unit
volume Q in that region is related to temperature T
change by
Q = pc

dt

(1)

where p = density of the medium in the region, and c =
heat capacity of the medium in the region.
The time dependent heat equation states that the
temperature change [T(r,z,t + At)] - [T(r,z,t)] is equal
to the contributions due to light absorption [ATi(r,z,t)]

plus the blood or water flow and perfusion

[ATf(r,z,t)4AT (r z t)] and conduction to and from adjacent tissue ATc(r,z,t)]. This equation can be expressed as
T(r,z,t + At)

-

T(r,z,t) = ATI(r,z,t)+ ATf(r,z,t)
+ ATp(r,z,t) + AT,(r,z,t).

(2)

Each of these contributing terms is described in detail.

When considering boundary conditions at the
blood-tissue interface, blood flow, and perfusion, the
resulting equation can be solved numerically using the
finite difference methods or finite element methods.
The preferred method for this large scale model of the
entire diffusing tip is the finite difference method,
since a matrix does not have to be stored as required by
the finite element method. Each conductive and convective temperature term is then expressed as a difference equation. Angular symmetry about the axis is
assumed.
When laser light is incident from the diffusing tip, it
will be absorbed and scattered by the blood and tissue.
The light distribution may be modeled by using either
the Kubelka-Munk two-flux theory20 or Beer's law,
with the incident intensity used in Beer's law modified
to include the effect of scattering in the media.
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Fig. . Geometrical model of a laser diffusing tip positioned intraluminally to an arterial lumen with blood flow.
A.

Modified Beer's Law

According to Beer's law, absorption and scattering
will cause an exponential decay of the diffused light as
it propagates through the tissue. In addition, the
intensity will decrease by a factor of ro/r due to the
conservation of power requirements in a cylindrical
geometry, where r is the tip radius. The incident
diffused light is assumed to be Gaussian distributed
(exp1-[(z/,-)2 ]}) in the axial direction z. Therefore,
assuming minimal reflection occurs at the blood-tissue interface, the light intensity distribution from the
tip is
I(r,z) = -Io expl-[(z/0) 1 exp[-,ul(r- r)]

r

rO< r S rl, (3a)

I(r,z) = - Io exp1-[(zh)2 ]I

r

X exp[-.al(r,

-

ro)] exp[-g 2 (r

-

rl)]

r

>rl, (3b)

where gi = a, + 31,
a = absorption coefficient in the blood,
01 = scattering coefficient in the blood,
2 = 2 + 02,
a2 = absorption coefficient in the tissue,
2 = scattering coefficient in the tissue,'7 and
Io = incident intensity at r = r and z = 0.

This intensity will be absorbed as heat according to
Q.= aI(r,z),

(4)

where a = a in blood and 2 in tissue.
Combining Eqs. (1) and (4) for small At,
ATI(r,z,t) = At aI(r,z)s(t),
pc

(5)

where
(t)

1 if the laser is on,

0 if the laser is off.

In nonscattering media, the incident intensity Io in
Eqs. (3a) and (3b) is just equal to the total delivered
power P divided by the cylindrical surface area of the

cent elements located at r + Ar, r - Ar, z + Az, and z Az is
\T,(rzt) =At ,jV 2T(r,z,t),

(7)

where - = conductivity and v 2 is written as finite
difference equations in cylindrical coordinates.
Blood flow through the lumen and tissue perfusion
also contribute to heating and cooling of the blood and
tissue. The blood flow is modeled by moving finite
elements of blood at the previous spatial temperature
along the z axis during the computation. The maximum velocity occurs halfway between the tip wall and
the blood-tissue wall and then parabolically tapers to
zero velocity at the inner and outer walls. The velocity
as a function of the radius is expressed as

Ar had to be less than or equal to 0.01 s/mm for proper
convergence of our model.
Experimental Procedure

Ill.

A canine model was used for experimental verification of the theoretical model. One welded 36-gauge Ttype thermocouple probe was sutured to the Laserguide fiber optic diffusing tip to measure accurately
the temperature rise of the tip. Then the optical fiber
was inserted through an incision in one of the main

femoral arteries of the animal and into arterial

branches varying in diameter from 1 to 5 mm. The
final position of the diffusing tip was distal to the
initial incision by a distance of -13 cm.

At the location of the tip, a second incision was made
so three to four more thermocouples

could be posi-

tioned in the tissue next to the arterial wall. These
V(r)= Vmaxtl

-

(

thermocouples

ro)2

where the maximum velocity Vmaxis related to the
measurable average velocity Vaveaccording to

spaced from each other by -1 mm were

in a linear array normal to the tip. In addition, a blood
flow probe (interfaced with a Transonic model T201
ultrasonic blood flowmeter) was positioned around the
artery to measure the average blood flow rate. The
thermocouples were sutured into place so that the
incision could be closed. The thermocouples

Vave =

r-r I r)

remained the same.

Solving this integral yields the followingexpression for
Vmaxin terms of all measurable quantities rl, r2 , and
Vave:
=

[(r2 27x(1

L2

r)

2

r2) +
~)+2Y(or

++2y (r
(r4-r4)
r4-

-

2

4X

y2(r3-r3f
3X

2

J

where 'y = (r, + ro)/2 and x = (ri - r)/2.
The blood flowing through the arterial lumen convectively modifies the arterial wall temperature proportional to the rate of flow. This temperature change
also occurs with the perfusion of blood into the tissue.
The blood perfuses into the tissue capillaries at a given
temperature Tcap,then increases or decreases the tissue temperature Ttji proportional to the difference in
these temperatures. The blood and tissue reach an
radially
equilibrium temperature as the blood perfuses
outward. The equation governing this is2 '
ATP(r,z,t) = Wb(Tap - Ttj,)At,

(8)

where Wb indicates the ratio of the volume of perfusing
blood to the volume of tissue at a given flow rate.
Values of

Wb

Closing the incision was neces-

sary to model accurately an in vivo situation; leaving
the artery exposed to air could result in a large artifactual heat loss.
The thermocouples were interfaced to a gtMAC A/D

-(r-)Vave

V.

moved

slightly on closingthe incision, but the relative spacing

Jro V(r)rdrd0.

in typical tissue are much less than uni-

ty,2 ' and computational results for our model showed
that this perfusion had a negligible effect on temperature for the given experimental conditions.
The final time dependent heat equation is the sum of
Eqs. (7) and (8) and either (5) or (6) with parabolic
blood flow. Theoretical temperature distributions are
presented in the next section with the experimental
verification. Finite difference methods introduce errors which may be reduced by using small spatial elements and short time increments, approaching a mathematically continuous evaluation. We found that the
ratio of the time increment At and the radial increment

converter, and the measurements were recorded with
an Apple Macintosh computer. The temperatures
were recorded prior to, during, and after lasing while
maintaining various blood flow rates. The normal
average blood flow rate was unavoidably reduced to a
value of 131 mliter/min when the diffusing tip was
positioned in the artery. The blood flow was further
reduced to rates of 22, 9, and 0 mliter/min by constricting the artery. The light power level was maintained
at 0.43 or 0.5 W at a wavelength of 632 nm (dye laser).

The light distribution was approximately Gaussian
(expi-[(Z/oj) 2 ]}) with measured a of 1.54 mm.
IV.

Results and Discussion

A.

No Blood Flow

The experimental results for no blood flowin a small
arterial lumen (radius = 0.75 mm) of one canine are
given in Fig. 2. The radial temperature distribution is
presented at times of 5, 10, and (steady state) 60 s.
The temperatures were measured at the axial position
of peak intensity to determine the maximum temperature of the normal tissue.
For comparison, predictions of the temperature profiles using the theories of Sec. II are also presented in

Fig. 2. The Kubelka-Munk values for the absorption

AK and scattering SK are taken from the literature. 5 1 8"19 Values used are AK1 = 4.5 cm-', SKI = 9
cm-' for blood, and AK2 = 1.4cm-', SK2 = 7.0cm-' for

tissue. The absorption and scattering coefficients for
Beer's law can be related to the Kubelka-Munk coefficients by a

=

77AKand , = XSK, where q and x are given
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diffusing tip weighted by the Gaussian distribution.
When scattering is present in the media, however, as it
is in blood and tissue, the net effective incident intensity must be modified to account for the inwardly scattered light. To calculate the modified Io in Eqs. (3a)
and (3b) we rely on the fact that the net power delivered P must equal the total power absorbed in the
blood and tissue:
+J

aI(r,z)rdrdodz

Jr

I X-|0

2I(r,z)rdrdOdz,

|

where I(r,z) is from Eqs. (3a) and (3b). After performing the integration and solving for Io, the complete
expression for the incident intensity is given as
P

[2r(aro- 1- exp[Al(ro
- r)] +- exp[1(ro- ri))]

The weighting coefficients AM'and Al'2,the absorption and scattering coefficients dtto and Ad0 , and the
optical distance T = PKo-trare defined in the Appendix.
The measured absorption and scattering coefficients
of blood and tissue are available in the literature. 5 18 19
They are obtained by first measuring the reflection
and transmission of a finite thickness of the medium.
Then the absorption and scattering coefficients are
calculated using the Kubelka-Munk theory and are
denoted AK and SK, respectively.'8 The coefficients
B, C, D, and E are determined by the boundary conditions at the interfaces. The outer tissue radius extends to infinity relative to the depth of light penetration. This means the total flux in medium 2 must
decay to zero as r goes to infinity, so D = 0. At the tipblood interface r = r the experimentally measured
input flux from the diffusing tip is Fo. With these
equations and the known boundary conditions, the
temperature contribution from the light source can be
expressed as (for small At)

Note that in nonscattering media A1= 0 and 2 = 0, so
A = al and 2 = 2, and the above expression for
incident intensity reduces to the expected Io = P/area,
where area = 2 7roro, the surface area weighted by the
Gaussian distributed light.
B.

X [F'](r) + FL'](r)]s(t)
= At expl-[(z/a)

F$1(r) B exp(U0T) + C exp(-g 0T)
T

1I) exp(-klop) (A7)
FL(,) = B(A[,])
exp(y!') + C(A[

for medium 1 (blood), and
F+2](T)

D exp(flor)+ Eexp(-i 0 r)
T

T

D(A]),= exp(f3oT)+ E(A[]) exp(-3 0 T)
T

for medium 2 (tissue).
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(AS)

ro < r < r,

(6a)

r > rl,

(6b)

2

2
]1t[
]

PC

X [F+1](r)
+ F!2(r)]s(t)

In contrast to Beer's law, the Kubelka-Munk model
accounts for the fact that a fraction of the outward
propagating light flux F+is scattered and immediately
results in an inward propagating light flux F_. This
inward propagating light flux F_ is further absorbed
and scattered back into the outward flowing light flux
F+ (see Fig. 8). This results in a set of coupled equations.
The development of the Kubelka-Munk two-flux
theory model for rectangular coordinates is presented
by Ishimaru.2 0 The derivation for the same model in
cylindrical coordinates is presented in the Appendix.
The two-flux theory is considered adequate for describing the light distribution of a diffuse light source
incident on a dull medium where light is diffusely
scattered. Therefore, this model is directly applicable
to the diffusing tip system with a blood-tissue interface presented in Fig. 1. The Appendix yields two sets
of outward and inward propagating flux equations for
the two media shown in Fig. 9. These equations are:
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PC

Kubelka-Munk Two-Flux Theory

T

t exp1-[(z/) 2 ll[ll

ATI(r,z,t) =

where
(0

1 if the laser is on,
0 if the laser is off,

[11 = (AK)[11 in medium 1 (blood), and
[2]

=

(yAK)[21 in medium 2 (tissue),

where the values for y (in media 1 and 2) approach 1.0
for dominant absorption and 2.0 for dominant scattering.'7 We have assumed that the Kubelka-Munk
model does not alter the Gaussian distribution of the
incident diffuse light.'4
C.

Time Dependent

Heat Equation

Now that the light distribution has been described,
the entire time dependent heat equation can be developed using Eq. (2). While lasing, some light is absorbed internal to the diffusing tip, so the tip temperature increases and conducts into the blood. The
increase in temperature was determined experimentally and was found to increase exponentially to a final
steady state temperature whose value depends on the
presence of blood flow. This temperature is treated as
a boundary condition at r = r and enters into the
conduction equations.
Once the light energy has propagated into the blood
and tissue, transport mechanisms add or remove heat.
Conduction is the rate of change in temperature attributed to adjacent blood and tissue. This results in a
second-order differential equation in cylindrical coordinates for this model. The temperature of an element located at r,z due to conduction from the adja-
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Varying Blood Flow

To determine the effect of varying blood velocity in
the lumen, the average blood flow was maintained at
131, 22, 9, and 0 mliter/min in a larger artery (radius =

2.25 mm) of another canine. The experimental and
theoretical Kubelka-Munk temperature distributions

I.
Lu
0.-

cc

LU

42

at a lasing time of 10 s and at a power of 0.5 W are

presented in Fig. 4. The Kubelka-Munk model is used
since it provides a more complete analysis of the irradiation of the highly scattering tissue than the modified Beer's law model. The theoretical model agrees
reasonably well with the measured values in the tissue.
The temperatures in the tissue are lower than for the
smaller artery [see Fig. 2(b)], since a greater percent-

age of the light is absorbed by the blood. Also, heated
blpod in the lumen flows away from the region. This
limits the heating of the tissue via the conduction of
the blood.

Note in Fig. 4 that as the blood flow in-

creases, the temperature across the lumen approaches
a constant distribution equal to the initial body temperature of 40'C.
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To explore the possibility of increasing the tissue
temperature by reducing the absorption properties of
the intervening medium, the theoretical temperature
distribution

for a water-filled lumen (negligible ab-

sorption and scattering at 632 nm) was calculated.
Figure 6 presents the temperature distribution for the
large artery (r = 2.25 mm). When the blood is replaced with water, the peak tissue temperatures are
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The mathematical model developed for predicting
the temperature profile in arteries compares favorably
to our in vivo experimental results. The temperature
distributions predicted by the Kubelka-Munk twoflux theory and the modified Beer's law agree with the
experimental data. This is a result of modeling the
backscattering present in blood and tissue.
The blood has high absorption at 632 nm, so the peak
temperatures occur in the blood-filled lumen for both
the 1.5- and 4.5-mm diam arteries. The temperature
rise time was faster theoretically than experimentally.
This discrepancy in rise time may be a result of the
perfusion, as discussed in Sec. IV, and the fact that the
model parameters cited from the literature were measured in vitro and not in vivo.
The blood flow and light absorption by the blood
both significantly reduce the peak temperature in the
tissue. The water-filled lumen studies indicate that
the temperature can be increased in the tissue during
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10 s are still within a safe range for 0.5-W input power
(see Fig. 6), so normal tissue damage would be minimal
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percentage of light is incident on the tissue wall, increasing its temperature. Note, however, that as the

nating plaque with minimal normal tissue damage."' 24
With the increased light distribution in normal tissue
for a water-filled lumen, the peak temperatures after

=

a

3 C higher on the average during no flow. A higher

of blood moves slowly past the tissue surface increasing in temperature due to light absorption, thereby
conductively heating the tissue. The cooling as a result of water flow is significant since the thin layer
moving slowly past the tissue surface remains at approximately body temperature, convectively cooling
the tissue.
The increase in tissue temperature in a water-filled
lumen during no flow indicates an increase in light
energy which may be desirable for enhancing photodynamic or photothermal therapy. Since photosensitizers (HPD and TPPS4 ) have been shown to accumulate
preferentially in atherosclerotic plaque vs normal tis-
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carried away, dramatically cooling the tissue.
Figure 7 indicates that the cooling of the tissue as a
result of flow in the lumen is more significant with the
presence of water than with blood. In a blood-filled
lumen, the heated blood is replaced by blood at the
lower body temperature, which convectively cools the
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Fig. 7. Theoretical

peak tissue temperature vs blood flow and
water flow.

to increasing the light incident on the tissue, which is
beneficial in photodynamic and photothermal therapy. However, replacing the blood in the lumen with
water and maintaining no flow are surgically difficult.
Ideally, one would like to maintain the normal blood
flow to minimize risk to the patient during surgery. If

higher temperatures are desirable, they can be
achieved by using a diffusing tip matched to the size of
the lumen, and increasing power levels.
The mathematical model developed in this paper
should be useful in predicting normal tissue damage
during laser angioplasty. The model includes variable
blood or water flow rates, tissue perfusion, lasing time,
radial distances, Gaussian weighting, and absorption
and scattering.
VI.

Appendix

The following derivation of the Kubelka-Munk
equations for cylindrical coordinates is based on the
two-flux theory for rectangular coordinates presented
by Ishimaru.2 0 The two-flux theory is considered adequate for describing the light distribution of a diffuse
light source incident on a dull medium so that the light
is diffusely scattered.
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Consider diffuse fluxes F+(r)and F_(r) propagating
in the outward and inward radial directions, respectively. The outward flowing flux F+ decreases by the
amount absorbed in a differential distance dr and by
the scattering in the inward radial direction (see Fig.
8). This can be expressed by
dF+ = -(K + S)F+pKardr= -(K + S)F+dr,

(Al)

where PK = number of particles per unit volume,
at = total cross section of a single particle,
Kat = equivalent absorption cross section for F+,
K = nondimensional absorption coefficient,
and
r = patr = the optical distance.
The values of K and S are not clearly related to the
parameters of the particle, so they are difficult to calculate directly. As a result, these values are determined experimentally.
The outward flowing flux F+ decreases according to
Eq. (Al) and increases as a result of outward scattering
of the inward scattered flux F_. This increase in the

Fig. 8. Outward and inward fluxes F+ and F_ with K absorption
and S scattering.
z
A

.

.

.

outward flux can be expressed as
dF+ = SFpKo-Sdr = SFdr.

(A2)

F(2

Accordingly, the inward flowing flux decreases by the
amount that is absorbed and scattered by

F

Ill]

F_

1]
.I

[21

F+

F

F

0

0

(1

F

F

dF_ = -(K + S)FpKat(-dr)= (K + S)F-dr

~

1

4-

4-

I

and increases by the amount of outward flux F+that is
scattered inward by
Summing the respective increases and decreases in
flux yields the two coupled differential equations
(K + S)F++ SF-,

dF+

r=r0

r=r

dF_ = SF+pKad(-dr) = -SF+dr.

d- =(K + S)F_- SF+. ()

Fig. 9.

adjacent to a semi-infinite medium.

A

F.

To solve these coupled equations, the solution of the
form exp('r)r is assumed. Noting that

K(K+ 2S)+(K+ S)
S
(A6)

A+

-_

T

- 1/T + (K + S)
S

~

1

F+

A-

e complete expressions for the outward and
ropagating fluxes in medium 1 (see Fig. 9) are

then
F+(A+ - 1/I) = -(K

given as

+ S)F+ + SF_,

Fi(A- - 1Ir) = (K + S)F_- SF_.

(A4)

I +11(T)= Bexp(gTr) + C exp(-LT)
T

Tr

These can be rewritten as
pFl](

F+[u+- 1IT + (K + S)]- SF_ = 0,

For a nontrivial solution of the fluxes, the determinant
of the coefficients of F+ and F_ must be zero. So,
I|

A+ - 1/T + (K + S)
S

-s
-

1/ir-(K +5S)=0.

Solving for the values of u,
A

=1Ir + XW + 2S)= py0 .

The ratios of F+ and F_ can be expressed as
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) =

exp( 0,r) + C(A[1)exp(B(A+1])
T

T=

F_[p.. - 1/I - (K + S)]+ SF+ =0.
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r= r

Total flux in a cylindrical system with one finite medium

F+

d exp(,ur) = exp(r)
dT
T
T

r=.r0

(A5)

0,)

(A7)

The coefficients B and C are determined by the boundary conditions. The geometry shown in Fig. 9 indicates that two media are present, i.e., blood and tissue.
This means that a second set of equations is required to
describe both media. Equations (A7) will be used to
describe the light in the first medium (i.e., blood), and
the following equations will be used for the second
medium (i.e., tissue):
F+2](T)
= Dexp(30 T) + Eexp(-O°T)
T

T

) D(A+21 ) exp(#

exp(-3dr)
0

+E(A[,)

where +tto and [I denote the inner interfacial media,
and ±130 and [2] denote the outer interfacial media.
Assuming that negligible reflection occurs at the
for a blood-tissue

(a good approximation

boundaries

SK 3/4a(l -g)-940,a,

(A8)

interface), the following boundary conditions result:
(1) FI1I(,WI) = FO;

Using these equations and noting that the anisotropy g
of tissue is -0.9, the transport coefficient of tissue is
-1.096 1/mm.

Assuming a geometry with r = 0.345

mm and r = 0.75 mm, the coefficients are readily
calculated using Eqs. (A10), yielding B = 0.0012FO,C =

0.132Fo, and E = 0.139Fo. The complete set of equations describing the light distribution for the cylindrical geometry described with blood and tissue present
is:

(A9)

2](,]);

(3) F['](,VI) =
(4) F'] (rV)

-

Since the fluxes and optical distance

r

is a function of

the medium, superscripts are used to indicate the respective media. The diffuse light input is experimentally known, with the power density equal to Fo. Applying these boundary conditions to the flux equations
will yield expressions for the unknown coefficients.
Assuming that the boundary T2 goes to infinity, immediately it is known that D equals zero since the light has
to exponentially decay to zero. The intermediate
equations are:
(1) FOT'U]= B exp(MorT'()+ C exp(-

0

'41]),

(2) E exp(-#orV])rVI = rT][B exp(,uorII)
(A10)

+ C exp(-,u 0 r1)],
2
(3) EAL
I exp(-#,or4V)4T

[0.00161exp(l + 1.006r) + 0.177 exp(l

-

1.006r)],

F0
F["1(r) =- [0.0042 exp(1 + 1.006r) + 0.0675 exp(l

-

1.006r)],

F~'(r) =

-

0.

r[BA(1

exp(,uoro'1 )

+ CA11 exp(-Au0

1")].

The simplest way to solve for the coefficients is to leave

these equations in this form and evaluate them with
the experimental values. The measured values of K
and S automatically account for the factor PKo't, which
is the particle volume density times the total cross
section of a single particle, also referred to as the

transport coefficient. Therefore, the measured values
have units of inverse distance and are usually denoted
as AKand SK. Knowing this, the exponents in Eqs.
(A10) can be written as

r

F
r

F+1 (r) =

-

F[2](r) =

-

F0

r

[0.126 exp(1
[0.0606 exp(l

0.509r)],

-

-

(All)

0.509r)],

where the coefficients given have units of millimeters,
so the units of flux are W/mm 2 .
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